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ABSTRACT 
Let a be a fixed nonnegative integer and let N~(n, k) denote the number of sequences 
(al, a2 . . . . .  a~) such that 
O<_as~a (1 _<s_< n), an=j,  
n-1  
Z las-a~+xl =•.  
a=l  
The numbers Nj(n, k) are evaluated by means of the generating functions 
F~(x, y) = ~ ~ N,(n, k) x nyk. 
n=l  k=O 
Moreover it is proved that Nj(n, k) is a polynomial in n of degree k. 
1. Let  a be a fixed non-negat ive  integer. We cons ider  sequences of  
integers of  length n: 
(al,  a2 . . . .  , an) (0 "< a~ < a). (1.1) 
We shall call the integer 
~--1 
Y, [a  3 - -  a3+1 ] (1.2) 
j=l 
the spread of  the sequence (1.1). 
* Supported in part by NSF grant GP-5174. 
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The number of sequences of  length n and spread k will be denoted by 
N(n, k). It will also be convenient to let Nj(n, k) denote the number of 
sequences of length n, spread k and with n-th element equal to j. Clearly 
N(n, k) : ~ N~(n, k). 
j=O 
I f  we replace each ai in (1.1) by a -- ai it is evident that 
Nj(n, k) = Na_j(n -- k) (0 ~ j ~ a). (~.3) 
The object of the present paper is to evaluate the numbers Nj(n, k). 
It is easy to show that 
n- -  1 ) (14  
For a = 2 we show that 
= 
8=0 s 2r  ' 
fo(n, 2r4_ 1)= ~ ( r )  (n+r - - s - -  1) 
~=o s 2r + 1 ' 
fl(n, 2r) = 2~ (r > 1), 
s=o s 2r - -  
fx(n, 2r + 1) = 2fo(n, 2r + 1). 
In order to describe the general case we introduce the generating 
functions 
oo oo 
Fj(x, y) = Y, Z Nj(n, k) x"y k. 
n=l  k=o 
We show that the F~ satisfy the system of equation 
j 
F~(x, y) = x Y, yi-SFs(x, y) + x ~ yS-S Fs(x, y) + x (1.5) 
s=O 8=j+l 
( j  = 0, 1 ..... a). 
This can be written more compactly as 
i 
F~(x, y) = x • yl i-s I Fs(x ' y) + x.  (1.6) 
8=0 
ENUMERATION OF SEQUENCES BY LENGTH AND SPREAD 525 
Let A denote the matrix 
and put 
(y i r - ,  i) (r, s ----- O, ..., a) 
~0a+1(2 ) = det (2I  -- A), 
the characteristic polynomial  of  A. It is convenient o put %(2) = 1. 
We show that 
oo 
(b(z, 2) = Z ~m(2) z m 1 -- (2 + 1)y2z 
m~o = 1 - -  Rz+ 22y2z 2 ' (1.7) 
whereR=2(y  2+ 1)+y2- -  1. 
Let ~o~1(2) denote the polynomial obtained when the (r + 1)-th 
column of det (M- -A)  is replaced by [1, 1 ..... 1]. The range of r is 0 < r 
a. We show that 
(r) (2y -- 2 + y + 1)~0(2,+0 (1.8) 
= (y -- 1)%+1(;t) = 2r  y r+ l (q  a r+, (2 )  - -  2qon_r(),)) 
- -  2a-rya-r+l (~r+l(2  ) - -  2~r(,~.)) (0 < r < a).  
Moreover we have 
(2y -2+y+ 1) 
q~(u, 2) - (b(v, 2) 
= (y -  1) 
oo 
~] yJ~)+r+l(2) um v r (1.9) 
/t~, r=0 
y (1 - 2v) (b(v, 2) 
Y 
i - 2yv  
u- -v  1 - -2yu  v 
(1 - -  2u) ~(u ,  2) y(u + v) - -  2y  ~ uv + 
uv(1 - -  2yu)  (1 -- 2yv)  " 
It is clear from (1.6) that 
Fs(x, Y) - -  ~s+)1(2, y) 
q~.+1(2, y) 
( j  = 0, 1 ..... a), (1.10) 
where 2 = 1/x and we use the fuller notation 
(~a+l( 2, Y), ~Ota~i( 2, Y) 
in place of 
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Finally we show that, for a ~ 1, Nj(n, k) is a polynomial in n of degree 
k. The proof makes use of the recurrence (2.1) below. We show also 
that, for a>l  and 0<j<a,  
Nj(n, k) < 2k . k! ( n -1 )  
- -  k " 
2. It follows at once from the definition of Ns(n, k) that 
i 
Nj(n, k) = Z N,(n - 1, k - - j+  s) + ~ Ns(n -- 1, k -- s + j) 
s=0 s=j+l  
(n > j ) ;  
it is assumed that 
N,(n, k) = o (k < o). 
Put 
oo 
fj(n, y) = Y~ Nj(n, k) y~ 
k=0 
Then (2.1) implies 
(0 ~ j < a). 
J 
~(n, y) = Z Yi-~ f~(n - 1, y) q- k y~'i f~(n - 1, y) 
8=0 s=j+l  
I f  we put 
oo oo oo 
F3(x, Y) = Z fn(n, y)x" = Y, Z Nj(n, k) x n yk, 
n=l  n=l  k=0 
(2.1) 
(n  > 1).  
(2.2) 
it follows from (2.2) that 
] 
F~(x, y) = x Z / - s  r~(x, y) + x ~ yS-i F~(x, y) + xL.(1 , y). 
s=0 s=j+l  
Since 
oo 
j~(1, y) -,= Y,, Nj(1, k) yk = 1 (0 < j < a), 
k=0 
we obtain 
Fj(x, y) = x ~2 yj-S Fs(x ' y) q_ x k yS-i Fe(x, y) q- x 
s=0 s=j+l  
This may be written compactly as 
(0 < j ~ a). 
(2.3) 
F3(x, y) = x • yl i-s, F,(x, y) + x (0 < j < a). (2.4) 
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To illustrate the use of (2.4) we take a---- 1. Then (2.4) reduces to 
Fo(x, y) = x Fo(x, y) + xy FI(X , y) dc x, 
El(x, y) = xy Fo(x, y) + x FI(X , y) + x. 
This yields 
x 
Fo(x, y) = Fx(x, y) = 
1 - -x - -xy  
oo xk+l  yk 
= y, xk+lye•  k -ks  x s 
k=O s=0 k hi(n--l) 
= ~] xn Z yk. 
n=l k=0 k 
We have, therefore, 
N~ k) = Nl(n" k) = ( n -k 1)  
as can be verified directly without much difficulty. 
When a = 2, (2.4) becomes 
that is, 
Fo(x, y) = x Fo(x, y) + xy El(x, y) + xylEm(x, y) + x, 
Fx(x, y) = xy F~(x, y) + x F~(x, y) + xy F2(x, y) + x, 
F2(x, y) = xy2Fo(x, y) -k xy Fl(x, y) + x F~(x, y) + x, 
(1 - x)Fo -- xy F1 -- xy2F2 = x, 
-- xy Fo + (1 -- x)F2 -- xy F2 = x, 
- xy~Fo + xy  F1 + (1 - -  x)F~ = x. 
The denominator of the system (2.6) is equal to 
(1 - x + xy  ~) ((1 - x )  2 - x (1  + x)y~). 
We find that 
ro= r~= 
x(1 - x + xy) 
( l - -x )  2-x(1 +x)y ' 




F~= ( l - -x )  2-  x j l  + x )y  " 
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Now 
x(1 - -x+xy)  =x( l  -- x + xy)  Z xr(1 + x)ry2r 
(1 - -x )  2-x(1 - [ -x )y  r=o ( l - -x )  2~+2 
It follows that 
oo 
]~ No(n, 2r) X n -- 
which implies 
xr+l(1 -]- X) r 
(1 - -  X) 2r+l 
= xr+,_ ~: (r)x~ :~ (2 ,+. , )  9 
s=O S j~O J XY' 
~o(n, 2r, = r , , ;  , ~  r ,  ,n  + r - -  ~- -  1
s=0 k / ~ / s  2r " 
It follows also from (2.4) that 
oo 
~2 No(n, 2r + 1)x n -- 
gt=l  
xr+2(1 + x)" 
(1 - -  x) 2r+2 ' 
which implies 
s=o S 
n+r- -s - -1 )  
2 r4 -  1 
In the next place, we have 
oo xr( 1 -+- x)r y2r, 
F 1 = x(l -- x + 2xy -- xY2) r=o ~] (1 -- x) 2"+2 
so that 
oo xr+l (1  + x)r xr+l(1 + x)r_x 
Z Nl(n,  2r) x" = 
n=l (1 - -  X )  2 r+ l  (1  - -  X) 2r 
2xr+2(1 + x) r-1 
- -  ( r>  1),  (1 - -  X)  2r+l 
oo 
Z N l (n ,O)  x" - x 
n=a 1 -- x " 




Nl(n,  O) = 1 (n ~ 1) (2.11) 
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and 
r l(r--1) (,,+r--s 2) 
Nl(n, 2r) = 2 Y, 
s=o s 2r 
( r> 1). (2.12) 
We have also 
co 2Xr+"(1 + x) r 
Y~ Nl(n, 2r 4- 1) x n = 
n=l (1 -- x) 2r+2 
which implies 
Nx(n, 2r + 1) = 2No(n, 2r 4- 1). (2.13) 
Since 
(1 + x) ~, Nl(n, 2r)x n = 2xr+2(1 4- x)r 
I~=1 (1 -- x) 2r+1 = 2x ;~=1  No(/'/' 2r)xn' 
we obtain 
Nl(n, 2r) 4- Nl(n -- 1, 2r) = 2No(n -- 1, 2r) (n > 1). (2.14) 
3. When a = 3 we have 
Fo= x Fo + xy F~ + xy2 F~ + xy3 F3 + x, 
Fl = Xy Fo + x Fx + xy F~ + xy' F, + x, 
F~= xy2 Fo + xy Fl + x F~ + xy F~ + x, 
(3.1) 
F, = xy" Fo + xy' Fx + xy F~ + x F~ + x, 
where F~ ~- F~(x, y). Since Fo = Fa, Fa = F2, the system (3.1) reduces to 
Fo = x(1 -I- y3)F o 4- xy(1 4- y)F1 -k x, 
F1 = xy(1 q- y) Fo 4- x(1 4- y)F1 4- x. 
(3.2) 
Solving for Fo, F1 we have 
x(1 -- x 4- xy 2) 
F~ 1 - -  (2+y4-y3)x+(1  §  ' 
x(1 -- x + xy + xy 2 -- xy 3) 
F I= 1 - -  (2 4-y+y3)x4-  (1 4-y - -y2 - -y3)x2  
(3.3) 
It follows from (3.3) that 
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/ n 
No(n-}- 1,y )= (1-?y)U y~ (_  1)s { 
2s<.n \ S 
s ) (2 - y + y~)--2s(1 - y)s 
+( lq -y )  n Y, (-- 1 )s (n -s )  
O<2s<:n+X S 1 
(2 --  y § yZ)n-2s+l(1 - -  y)S, (3.4) 
l , y )=(1  +y)n  ~ (_  1 )s (n - - s ) (2_yq_y~)n-eS( l _y )S  Nx(n ~- 
2s<_n \ I S  
O<2s_<n+X S 1 
(2 -- y + yZ)n-2s+ls (1 -- y)S+X. 
We note also that (3.3) implies 
N~(n, y) -- (2 q- y + y3)Ns(n -- 1, y) 
q- (1 + y --  y2 --  ya)Ns( n _ 2, y )  = O (n >2) ,  (3.5) 
which can also be verified by means of (3.4). 
While (3.4) can be used to obtain explicit expression for Nj(n, k), 
the results are too complicated to be of much interest. However, we can 
obtain some information that is of interest. We note first that No(n, O) 
= Nx(n, 0) ----- 1, 
No(n, 1)=n- -  1, Nx(n, 1)=2(n- -  1). 
To obtain N0(n, 2) we expand 
x(1 - x + xy  ~) 
(1 --  x)  2 --  (x - -  x2)y --  x~y 2 " 
The coefficient of y2 is equal to 
2x 3 x 2 x2(1 + x) 
( l - -x )  3 ( l - -x )  2 ( l - -x )  3 
so that 
No(n, 2) = (n -- 1) ~. 
- Z (n - l )  5x", 
n~2 
To obtain N~(n, 2) we expand 
x (1 - -x+xy+xy 2) 
( l - -x )  2-  (x x~)y- -  x 2y~ 
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The coefficient of y2 is equal to 
(1 - -  x )  3 
so that 
3x 3 x 2 - - +  
(1 - -  x )  2 
x2(1 + 2x) 
: (1 - x )  ~ 
1 (n - -  1 ) (3n  - -  4 )x ' ,  
= '~ -2- n=2 
Thus N~(n, 1) is a polynomial in n of the first degree while N3(n, 2) 
is a polynomial of the second degree. Now (3.5) implies 
N~(n, k) -- 2U~(n - -1,  k) -k Uj(n -- 2, k) (3:6) 
= N~(n-- 1, k - -  1) q-Ns(n--  1, k - -  3) - -N j (n - -Z ,k - -  1) 
-k Uj(n--  Z ,k - -  Z)-+- Nj(n--  2, k - -  3) 
fo rn~3,  k~3.  For  k = 3 we see  that  
Nj(n, 3) -- 2N~(n -- 1, 3) q- N~(n -- 2, 3) 
is a polynomial of the first degree and therefore Nj(n, 3) is a polynomial 
of the third degree. 
We may rewrite (3.6) in the form 
A~Nj(n, k) = ANj(n, k -- 1) § Nj(n, k -- 2) 
+ Nr q-- 1, k -- 3) -k N;(n, k -- 3). (3.7) 
It follows at once by an induction on k that N~(n, k) is a polynomial in n 
of degree k. 
If we put 
Nj(n, k) : c~Jo, (n -1 )  -- .. k + c~)( ;  11)+-  -k c'~, 
it is clear that (3.7) implies 
4~ ~ = 4~1,o + 4~,o (k >_ 2). (3.8) 
Since 
c(O) = I, ~(o) I, ~(o) : 2; e(1) I, t-( l) : 2, c~) = 3, O0 vlO ="  v20 ~00 : ~10 
it follows from (3.8) that 
Nl(n, 2) = 89 -- 1) (3n -- 4). 
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C~ ) = Fk+l, C~1o ) -~ Fk+2, (3.9) 
where Fk is the Fibonacci number defined by 
F o = O, F 1 = 1, Fk+ 1 = Fk -k Fk-1 (k >__ 1). 
The result that Nj(n,  k)  is a polynomial in n of degree k can also be 
proved easily using the recurrence (2.1). The additional result (3.9), 
however, seems to depend on (3.7). 
4. We now consider the matrix 
A = (ylr-st) (r, s = 0, 1 ..... m) (4.1) 
with characteristic polynomial 
(pn+l(2) = det (41 -- A). (4.2) 
We shall show that %,,(2) satisfies the recurrence 
~/9mt.1(2 ) Rtpm(2) -k 22y2(pm_l(2) = 0 (n ~ 1) (4.3) 
with q~o(2) = 1, ~(2)  = 2 - 1 and 
R=2(y  2q- 1 ) -ky2- -  1- - - - (4-k 1)y 2q-2 -  1. (4.4) 
It is easily verified that 
2-- 1 - -Y ]=(4- -  1)~--y2=R(2--1)--22y 2, 
q%(2) = y 2 1 
2-- 1 _y  __y2[ 
I V-( i t )= - -y  2 - -  1 y __y2 - -y  2 1 
= (2 - -  1) a -  (2y 2 -ky4) (2 -  l ) - -2y  4 
-= R((2 -- 1) 2 -- y2) _ 22y~(2 -- 1), 
in agreement with (4.3). 
We now apply certain transformations to det (2 I -  A). To illustrate 
the process we take n----3: 
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2- -  1 - -y  .ye  _y3  
- -y  2 -- 1 _y  _y2  
y2 y 2 - -  1 - -y  
y3 y2 - -y  2 - -  1 
4 - -1  
- -y  
_ y2 
__ y3 
2- -1  
- -y  
_ y2 
0 
- -  1 - -y~ 0 
4- -  1 - -y  0 
- -y  - -1  - -2y  
_y2  _y  4 - -  1-ky 2 
_y  _y2  0 
4 -  1 - -y  0 
- -y  - -1  - -2y  
0 - -2y  R 
Continuing in this way we have at the next step 
and finally 
4 - -1  - -y  0 0 
- -y  4 - -1  - -2y  0 
0 - -2y  R - -2y  
0 0 - -2y  R 
4- - I  - -2y 0 0 
--2y R --~y 0 
0 - -2y n - -2y 
0 0 --~y R 
In the general case we have 
det (21 -- A) 
4-1  -2y  
-2y  R -2y  
- -2y  R 
, ,  . . . . . . .  , , , o  . . . . . . . . .  . . , .~  
R - -2y  
- -2y  R 
(4.5) 
Expanding the right member of (4.5) with respect o the elements of 
the last column we immediately obtain (4.3). 
Now put 
~b(z, 2) = ~ %~(2)z m. (4.6) 
m=0 
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Then by (4.3) 
oo  
~b(z, 2) = 1 + (2 -- 1)z q- Y, [R q%(2) -- 22y2~m_l(2)]zm+l 
m = l  
= 1 -? (2 -- R -- 1)z § z (g  --  22y2z)qS(z, 2). 
We have, therefore, 
1 -- (2+ 1)y2z 
qS(z, 2) = 1 -- Rz  -+ 22y2z2 ' (4.7) 
with R defined by (4.4). 
Formula (4.5) suggests that we define 
- -R  - -2y 
- -2y  R 2y 
Om(n ) = -- 2y R (4.8) 
* , , * * . o . . o . *  . . . . . . . . . .  . , , , ~  
R -- 2y 
-2y  R 
where the determinant on the right is of order m. In particular we have 
00(4) = 1, 01(4) = R. (4.9) 
It follows at once from (4.8) that 
0,,~+1(2) -- R0,n(2) q- 2gy20m_1(2 ) = 0 (n > 0) (4.10) 
provided we define 0_1(4) = 0. Thus 0,~(2) and %,(2) satisfy the same 
recurrence of the second order. Since 
19)~ 9~a(2) I1 2 - -11_~(2+l )yZ ,  
00(2) 01(2)= 1 R 
it is clear that q%(2) and 0~(2) are linearly independent solutions of 
(4.10). 
It follows easily from (4.9) and (4.10) that 
O(z, 4) = Z o,.(2)z m = 1 
,=o 1 -- Rz  + 22y2z2 " (4.11) 
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Comparing (4.11) with (4.7) we have 
(1 -- (2 + 1)y2z) O (z, 4) = ~5(z, 2), (4.12) 
so that 
0m(2 ) -- (2 + 1)y20m_l(2) = %,~(,~) (m ~ 1). (4.13) 
In the next place, multiplying both sides of (4.12) by 1 -- (2 -- 1)z 
we obtain 
(1 -- (2 -- 1)z)~(z, 2) = [1 -- Rz  + (22 --  1)y2z2l~(z,  2) 
= 1 --  y2z2 0 (z, 2). 
This implies 
9%+1(2) -- (2 -- 1)~%(2) = --y20m_l(2 ) (n ~ 1). (4.14) 
For m = 0 we have 
~0~(2) -- (2 -  1)%(2) = 0. 
We remark that (4.13) and (4.i4) can also be obtained directly from 
(4.5) and (4.8). 
The formula 
~(2)  = (pm_r(2)0r(2) -- 22y2%~_,._~(2)0,._1(2) (0 __< r < m) (4.15) 
will be needed later; we take 0_1(4)= 0. For  r = 0, the formula is 
obviously true; for r = 1, it reduces to (4.3). Assuming that, for fixed 
m, (4.15) holds up to and including the value r, we have 
= ~gm-r - l (2 ){ROr(2)  - -  22y20r - l (2 )}  -~- {(pro - r (2 )  - -  Rcfm-r - l (2 )}Or (2)  
= ~m_r(2)Or(2) - -  ~2y2Cfm_r_l(2)Or_l(2 ) = f fm(2) .  
5. We now consider the polynomial 
1 - -y  _y2  
1 2 - -1  - -y  
~)m+l(2)  : 1 - -  y 2 - -  1 
~176 __ym 
. . . .  ym-1 
~  _ _  ym-2 
~176176176176176176176176176176176 . . . . . .  ~176176176176176176 ~ 176176176 
1 __ym-1 _ym-2  . . .  2"  1 
(5.1) 
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which is det (2 I -  M)  with the first column replaced by [1, 1 ..... 1]. 
Then exactly as above we find that (m = 4) 
1 
1 
W5(2) : 1 -- y 
1 - -y  
1 - -y  
-y  0 0 0 
2 - -1  - -2y  0 0 
- -2y  R - -2y  0 
o -2y  R -2y  
o o -2y  R 
We therefore obtain the nonhomogeneous recurrence 
~Pm+l(2) = R~0m(2) -- 22y2~m_1(2) -~- 2m-lym(l -- y) 
In particular we have 
~/)1(2) = 1, 
~o~(2) --- 2 - 1 + y, 
%(2) = (2 -- 1) 3 4- (y 4- y2) (2 -- 1) 4- ya 
-~ (2 - -  1 +y) (2 - -  1 4-y2) 
= R(2 -- 1 4- y) -- 22y 2 4- 2y2(1 -- y), 
I f  we put 
~(z, 2) = ~ w~(2)z", 
m=l 
and make use of  (5.2), we find that 
~(z,  2 )= z - -y (2y4-24-y - -  1)&4-22yZz 2 
(1 - 2 yz)  (1 -- Rz 4- 22y2z ) 
Since 
(m > 1) 
1--  y(Ay 4- A + y - -  1)z + A2y z& 
= (1 -- y) (1 -- (2 + 1)y2z) + y(1 -- Rz  + 22y2z2), 
(1 - -y )  (1 -- (A4- 1)y2z)z 
(1 -- 2 yz) (1 -- Rz  4- A~y2z z) 
4- yz  
1 -- 2yz  " 
(5.4) becomes 
kU(z, 2) = 
It follows that 
7t(z, 2) -- (1 - y)z  ~(z ,  2) + yz  
1 -- 2yz  1 -- 2yz  " 





~?,~+1(2) -- 2y~pra(2 ) = (1 -  y)q~m(2) (m > 1). (5.6) 
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Note that 
~1(2)= (1 - -y )~o(2)§  
We shall now show that 
(2 § 1) (2y § y -- 2 + 1)~%,(2) = 0~_1(2) + 2(2y -- 2 + y)(Pm_l(2) 
§ (2 § 1)2m-~y ~ (m~ I). (5.7) 
Indeed, if we let f,~(2) denote the right member of  (5.7) we obtain, 
using (4.7) and (4.11), 
oo (2 + 1)yz 
Z fro(z) zm = z O(z, 2) § 2(2.1; -- 2 § y)z ~b(z, 2) -~ 
m=l 1 - -  2 yz 
z § 2(2y -- 2 § y) (1 -- (2 § 1)y2z)z (2 § 1)yz = § 
1- -  Rz § 2~y2z ~ 1- -  2 yz 
(2§247247247247247 2} 
(1 -- 2 yz) (1 -- Rz § 22y~z ~) 
Comparing this with (5.4), (5.7) follows at once. 
In view of (4.14) (5.7) becomes 
(2y+y--2-}-l)~m(2)-----2y~m_1(2)--~m(2)+2m-ly m (m> 1). (5.8) 
6. Let ~Pm+l(2) denote the polynomial obtained when the (r § 1)-th 
column of det(2I-A) is replaced by [1, 1 ..... 1], where 0 < r < m. In 
particular W~1+1(2 ) = ~m+1(2). For example we have 
2 D 
w~ ~ (2) = 
2 -  
1 - -y  1 _y3  _y4  _y5  
y 2 - -  1 1 _y2  _yZ  _y~ 
y~ - -y  1 - -y  _y2  _y3  
y3 _y2  1 2 - -  1 _y  _y2  
y4 _y3  1 - -y  2 - -  1 - -y  
y5 _y4  1 --y~ - -y  2 - -  1 
1 - -y  1 _y3  
y 2 - -  1 1 _y2  
y2 _y  l - -y  
y3 _y2  1 -- 1 - -2y  
-- y -- 2y R -- 2y 
- -y  - -2y  R 
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when we perform the usual transformations. Expanding the last determi- 
nant, we have, after a little manipulation 
= R~v~")(4) -- 42y2~o~2'(4) + 4y(l -- y) 
2 - -  1 - -y  _ya  
y 4 - -1  _y2  
y2 _y  _y  
ya _ ye 4 -- 1 
Since 
- -  4y  
2- -  1 y yZ y 1 - -2  -- 
y 4 1 y2 = y y 4 1 
y2 y y yZ y 
= y(~oz(4 ) -- 29~2(4)) , 
we obtain 
~01~(4) = R~4~,(4) - 4~y~o,?,(4)) - 4~y~(1 - y ) (~(4)  - 4f~(,~)). 
The general formula is 
~/)(mr)l(4) = R~o~)(4) - -  42y27~[ i (4  )
(m >r+ 1). (6.1) 
Note also that by the definition of ~/)~)+1(4) we have 
~p~)+~(4) = ~p~+lr)(4) (0 < r < m). (6.2) 
We now put 
Then by (6.1) 
~(z ,  4 ) - -  X v~'~(4)~ ' +~ (6.3) 
V'r(Z, 4) = ~p~,(4)Z '+1 + V,~7~(4)Z'+~ 
+ Z {R~g~(4) -- .~.,~o,,~r~ ~,.-I,"~Z"+~,~ 
re=r+2 
4 ye(1 -- y)z  ~+3 
- -  1 - -  2 yz  (~r+~(4) -- 4r 
It follows that 
I f  we put 
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(1 -- Rz + 22y2z2)7-t~(z, 4) 
__-- ~@~l(2)z r+ l  - / -  [ ]0{r~2(2)  - -  R~O~l(2)lzr+2 
2 y2(1 -- y)z r+3 
- -  1 - -  2 yz  - (%+a(2)  - -  2%(2) ) .  
wg~(2) = cog)(2) + c,.2"y"~ 
and substitute in (6.1), we find that 
2 2 (r) ~g)+1(2) - R~g)(2) + 2 y ~_1(2)  = 0 
provided 
Cr=- -  
Also (6.6) implies 
~r(z, 2) = 
2-r - ly - r (~r+l (2  ) -- 2 ~r(2) 
(m > r), 
(m>r+l )  
2y - -2+y+l  
~)(2)z~ 
m=r+l  
(.O(r) (~],yr+l + [co(r) r~  -- Rt@~x(2)]zr+2 r+ lk '~]  ~ t r+2% ~1 
1 - -  Rz + 22y2z ~ 
Since by (6.2) 








(2y -- 2 -k y + 1) (1 -- Rz -k 22yZz2)~2~(z, 2) 
= [22(y -- 1) -b 2(y 2 -- 2y + 2) -- (y -- 1) (y2 _ 1)]z z 
- -  [2(y -- 1) + (y2 _ y + 1)]22y2za. 
= (2- -  1 +y)z  2 -  [22(y - 1) + 2(y 2 +y  -- 2) +ya_y2_y  q_ 1]yz 3 
+ (2 -- 1 + y)22yaz 4 (6.10) 
and 
it is not difficult to verify that 
(2y -- 2 + y q- 1)eo~(2i(2) = (y -- 1)q~+a(2) q- 2ry r+a. (6.9) 
The evaluation of  ~o~2(2 ) is more difficult. We shall first show, using (6.4) 
and (6.8), that 
(1  - -  2 yz) (1 -- Rz + 22y2z2)~1(z , 2) 
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It fol lows f rom (6.11) that 
(2y --  2 + y + 1)co~)(2) 
: [22(y --  1) + 2(y 2 --  y + 2) - -  (y --  1) (y2 _ 1)]0m_2(2) 
--  [2(y --  1) + y2 _ y + 1122y20m_3(2) (n > 2) 
(6.12) 
with 0_1(2) = 0. Then by using (6.12) and (6.5) we have 
(2y --  2 + y + 1)co~2~(2) 
: (y  - -  1)  (22 - -  22  + 1 - -  y2)Or (2 )  - -  (y  - -  1)  (2  - -  1)22y20r_~(2)  
._]_ 2ryr+l(2 _~_ y2 _ 1) 
= (y --  1)[R%+1(2) --  22y2q~r(2)] q- 2ryr+x(2 -'~ y2 __ 1) 
and therefore 
(2y --  2 + y + 1)[co~2(2) --  Ro J~(2)  
_ 2ZyZ(y - -  1)9r(2) --  2,+ay,+n. 
Substituting f rom (6.9) and (6.13) in (6.8) we have 
(2y --  2 -t- y q- 1) (1 --  Rz  + 22y2z2)g2r(z, 2) = Arz r+l -q- Brz r+2, 
where 
Ar = (y  - -  1)~0r+t(2)  + 2ry r+l, 
B r = - -  Fy2(y  - -  1)%(2) - -  2r+Xy r+8. 
It fol lows f rom (6.14) that 
(2y - 2 + y + 1)o,~,(2) = A~O,._~_I(2) + B~O~_r_2(2). 
Finally, using (6.5) and (6.7), we obtain 
(2y --  2 + y + 1)~p~g~_l(2) 
= (y  - 1 )%.+i (2 )  - 2~yr+~(~m_~+1(2)  - - 2%._~(2) )  
- -  2 m-~ ym-r+x(q~,+~(2) - -  2~pr(2)) (0 < r < m). 
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(2y - -  2 § y § 1) t'gm+lr'"('+l) _ 2-1y-XR~og)+l(2) § ~og+l)(2)] 
= (y - -  1) (2 - -  2-Xy-XR)%n+1(2 ) 
__ /~m--r--1 ym--r{~0r+2(2 ) __ R~r+l (2 )  § 2~y2qo,(2) 
- -  2[ tpr+l(2 ) - -  RqOr(2 ) § 22y2~r -x (2) ]}  
- 2 "-~ y'{~m_,+2(2) - RCm_,+i(2) + 22y~m_r(2)  
- -  2[~m-r+~(2) - -  R~_ , (2 )  + 2~y~ ,_1(2)]} 
and therefore 
~1(2)  - -  2 -~y  -~ R~1(2)  + Vg;l~(2) 
(6.17) 
= -- 2-! y-~(y -- 1)2q%+~(2) (1 < r < m). 
For  example,  when m = 2r, (6.17) reduces to 
R~ (r) (2  ~ {r+l) v2,+a, , - -  22Y~Oz,+~ (4) = (y - -  1)ztp~,+t(2). (6.18) 
7. By means  o f  (6.16) we can obta in  generat ing funct ions for V,~+1(2). 
It is convenient  o replace m by m + r, so that  (6.16) becomes 
(2y - -  2 § y + 1)~+r+1(~,) 
= (y - 1)99m+r+l(2 ) - -  2ryr+l(q~m+l(2 ) -- 2~m(2)) (7 .1 )  
- -  2mym+l(~r+l (2 )  - -  209r(2)).  
This  holds for al l  m, r ~ 0. 
Since 
co oo 
Z 99m,+r+l(2) unpr= Z ~9k+1(2) 
m,r=O k=o U - -  P 
it is evident that  (7.1) impl ies 
(2y - -  2 + y + 1) y,, ,,,(r) (2)umpr ~m+r+l  
~(u,  4) - r 2) 
= (y - -  1) 
U- -P  
uk+l  __ pk+l ~(U,  4)  - -  ~(V ,  4 )  
U - -P  
(7.2) 
yv(1 - 2u) (1 - 2yu)qS(u, 2) + yu(1 -- 2v) (1 - 2yu)q~(v, 2) 
§ 
uv(1 - -  2yu)  (1 - -  2yv)  
y(u + v) -- 2 y2uv 
av(1 -- 2 yu) (1 - -  2 yv) " 
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As a generating function of a slightly different kind we mention 
+ (m r + 
~n,T=O 
=(Y- -  1 )uvq~(u+v'2) - -yv(u+v)(1- -2u- -2v)  1-  2-v ~b(l__-2v,U 2) 
yu(u§ ( v ) y(u2q-ve) q-(y-kl)uv 
-- ]---2-u ~ , 2  + (1--  2u) (1-- 2v) 
If we take u = v in (7.2) we have 
(2y -- 2 q- y + 1) ~ //p~,//,+I(2)U ~'t~ 
= (y -- 1 )~ qb(u, 2) -- 2y(1 -- 2u)fb(u, 2) 
u(1 - 2 yu) 
where 
r=0 
7 - -  ~Y 2u  + 
u(1 - 2 yu) "~' 
(7.4) 
(7.5) 
Making use of (6.16) we obtain 
(2y -- 2 § y + 1)~m+1(2) (7.6) 
= (my--y--m-- 1)q)m+~(Z)--22y(y-- 1) ~ 2m-"ym-rq%(2)+22m+ly m+l.
/'=1 
8. Summarizing the results of Sections 4 and 5 we may state 
THEOREM 1. The solution of the system of equations 
~b 
2u~ -- ~ yt~-Slus = 1 
8=0 
is furnished by 
Wg'+l(2) 
Ur - -  9m+1(2 ) 
(r = 0, 1, ..., m) (8.1) 
(r = 0, 11 .... m), (8.2) 
where ~%+1(2), ~0g)+l(~) are  determined by (4.7) and (6.16), respectively. 
We now apply this theorem to the system (2.4): 
F~(x, y)  -- x ~ yl j.~ ~ Fs(x, y)  = x 
8=0 
( j  = O, 1 . . . . .  a) (8.3) 
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In place of ~.+1(2) ~p~(2), we now use the fuller notation 
~a+l(2, y), .,,(r) "2 " "ra+lk , Y), 
respectively. We may now state 
THEOREM 2. The solution of the system (8.3) is furnished by 
Fj.(x, y) -- ~P(ai)+a()~' y) 
~.+1(2, y) 
with 2 = 1/x. Hence 
where 
(j  = 0, 1 ..... a) 
F(x, y) = ~ 5(x,  y) - r y) 
j=o q~a+l(2, Y) ' 





For the application to Nj(n, k) we recall that 
F~(x, y) = ~ ~ Nj(n, k)xny k. 
n=O k=o 
9. We shall now show that for fixed a, j, k, N~(n, k) is a polynomial 
in n of degree k. We rewrite the recurrence (2.1) in the following form: 
Nj(n, k) -- Nj(n - 1, k) 
j a-j 
= Y, N~_8(n-- 1, k - - s ) -4 -  Y~ Nj+~(n-- 1, k - - s ) .  (9.!) 
s=l  s=l  
s_<k s<k 
For k =- 0 it is evident from the definition that 
Nj(n, O) = 1 (0 < j < a; n > 1). (9.2) 
For k = 1, (9.1) reduces to 
Ni(n, 1) --N~(n-- 1, 1) = N3._l(n 1, 0) + N~+l(n -- 1,0) (0 < j<a) .  
In view of (9.2) this becomes 
Uj(n, 1) -- U~(n ,  1, 1) = 2 (0 < j < a). 
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Hence 
Nj(n, 1) -- Nj(1, 1) = 2(n -- 1) (0 < j < a). 
Since Nj(1, 1) = 0 it follows that 
Ns(n, 1) = 2(n -- 1) (0 < j < a). (9.3) 
In the excluded case we have 
No(n, 1) = N.(n, 1)  = n - -  1 (a  ___ 1) .  (9.4) 
It is of  course easy to prove (9.3) and (9.4) directly from the definition 
of N~(n, 1). Note also that 
Nj(n, 1 )=n- -  1 (a= 1; j=0 ,1) .  (9.5) 
In any case N~(n, 1) is a polynomial  in n of the first degree, provided that 
a~l .  
We now assume that Nj(n, t) is a polynomial in n of degree t with 
positive highest coefficient, where 0 ~< t < k; we also suppose in what 
follows that a ~ 1. Then by (9.1) and the inductive hypothesis, the dif- 
ference 
Nj(n, k) -- Nj(n -- 1, k) = Nj_l(n -- 1, k -- 1) 
-t- Nj+l(n -- 1, k -- 1) -F- R(n) (0 < j < a), (9.6) 
where R denotes a polynomial o f  degree < k -- 1. When j = 0 we have 
No(n, k) -- No(n -- 1, k) = Nl(n -- 1, k -- 1) -~ R(n), 
and similarly for j = a. It is therefore clear from (9.6) that N~(n, k) is a 
polynomial in n of  degree k and moreover that the highest coefficient in 
this polynomial is positive. 
The above argument also leads to an upper bound for N~(n, k). It  is 
clear from (9.3), (9.4), and (9.5) that 
Nj(n, 1) ~ 2(n -- 1) (0 ~ j ~ a; n > 1). (9.7) 
Thus, by (9.2) and (9.7) implies 
Nj(n, 2) -- N~(n --  1, 2) ~ 8(n -- 2) (n > 2). 
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Since N~(1, 2 )= 0 we have 
Nj(n'2)<8( 2 1) (n >2) .  (9.8) 
We observe that, by (9.2), (9.7), and (9.8), we have 
Nj(n 's)<8(  n - l ) -  2 (n>2;s<2) .  
Continuing in this way we obtain 
N~(n'k)~2k'-- k ' (  k 1) (n >k)  (9.9) 
for all a > 1 and 0 < j < a. We have already seen that (9.9) holds for 
k = 0, 1, 2. We assume that (9.9) holds up to the value k -- 1 and ob- 
serve that 
Then by (9.1) and the inductive hypothesis we get 
- ~(n -  1,~)_~ ~.  ~-~(~- 1), ( ; -  ~1) Nj(n, k ) 
Summing over n, we obtain (9.9). 
We may now state 
THEOREM 3. For a > 1, the function N~(n, k) is a polynomial in n of 
degree k. Moreover N~(n, k) satisfies the inequality (9.9)for all a > 1 
and O<j<a.  
